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a b s t r a c t
This paper provides an investigation regarding slip effects on thin film flow of a fourth
grade fluid down a vertical cylinder. The nonlinear problem that arises is solved for both
exact and HAM (homotopy analysis method) solutions. Exact and HAM solutions are also
compared. Finally we briefly describe the flow characteristics to include the effects of
emerging parameters.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
It is a known fact that the flow of thin films have wide applications in industry. To be more specific, such flows have
relevance in engineering (microchip production), biology (lining of mammalian lungs) and chemistry (flow of surface active
materials). These flows are derived through gravitational (flow down an inclined plane) force. Very often, thin film flow
has been examined by using viscous fluids. But in industrial and technological applications, there are non-Newtonian
fluids for which the Navier–Stokes equations are inadequate. Such fluids exhibit a nonlinear stress strain relation and
thus the resulting differential systems are highly nonlinear and complicated. By keeping in view all these challenges, some
investigators are even recently engaged in obtaining solutions for flow of non-Newtonian fluids [1–10]. But a literature
survey indicates that little attention has been given to thin film flow of non-Newtonian fluids. An investigation of thin film
flow of a second order fluid ismade byHuang and Li [11].Miladinova et al. [12] studied the thin film flow of a power law fluid
falling down an inclined plane and found a numerical solution. Analysis of lubrication flow of an upper-convected Maxwell
fluid was carried out by Zhang and Li [13]. The field equation of micropolar fluids under a lubrication approach has been
studied by Gan and Ji [14]. Siddiqui et al. [15–17] investigated thin film flow of non-Newtonian fluids by using the homotopy
perturbation method. Linear and nonlinear stability analysis of the thin micropolar film flowing down the inner surface of
a rotating cylinder was made by Chen [18]. Sajid et al. [19,20] and Hayat and Sajid [21] investigated a series of solutions for
thin film flow of non-Newtonian fluids using a homotopy analysis method.
In all the above mentioned investigations [11–21] the effect of slip conditions have not been taken into account. Such
effects are very important for non-Newtonian fluids (polymer melts) which exhibit wall slip. Fluids exhibiting slip are
important in technological applications, for example, the polishing of artificial heart valves and internal cavities in a variety
of manufactural parts is achieved by imbedding such fluids with abrasives.
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This paper is organized as follows. First in Section 2, we formulate the problem and obtain the exact solution. In Section 3
we present mathematical results by using HAM. HAM is a powerful mathematical tool that has already been applied to
several nonlinear problems [22–30]. The convergence of the HAM solution is given in Section 4. Here we also analyze the
comparison of exact and HAM solutions. Finally, Section 5 is devoted to the final remarks.
2. Formulation of the problem
Let us consider a fourth grade fluid falling on the outside surface of an infinitely long vertical cylinder of radius R. The
flow is considered in a thin, uniform axisymmetric film with thickness δ, in contact with stationary air. The z-component of
the momentum equation gives [15]
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where µ is the dynamic viscosity, ρ is fluid density, g is the gravity and β3(≥ 0) [7] is the material parameter. The slip
conditions are
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Defining the dimensionless quantities [15]
η = r
R
, f = R
ν
u, K = gR
3
ν2
, β = µβ3
R4ρ2
, M = λ
R
, (4)
in which ν is kinematic viscosity, λ is slip parameter, K is dimensionless constant corresponds to gravity, β is non-
dimensional fluid parameter. Using Eq. (4) differential system (1)–(3) can be written as
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where l = 1+ δ/R. Through integration of Eq. (5) we have
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where C is a constant of integration. Employing Eq. (7) in Eq. (8), we obtain
C = Kl
2
2
(9)
and therefore Eq. (8) reveals
η
[
df
dη
+ 2β
(
df
dη
)3]
+ K
2
(η2 − l2) = 0. (10)
Eq. (10) at η = 1 gives[
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In view of Eq. (11), the nonlinear boundary condition in Eq. (6) can be linearized to give
f (1) = MK
2
(l2 − 1). (12)
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Fig. 1. (a) h¯–β-curves (b) β–h¯-curves for 20th order of approximation when l = 1.1.
Table 1
Values of−f ′′(1)when l = 1.1, K = 1, h¯ = −1
Order of approximation β = 0.10 β = 0.25 β = 0.50 β = 1.00
1 1.09769 1.08673 1.06845 1.03190
5 1.09777 1.08721 1.07035 1.03908
10 1.09777 1.08721 1.07035 1.03908
Exact solution 1.09777 1.08721 1.07035 1.03908
It is noted that the solution of a system consisting of Eq. (5) subject to conditions (7) and (12) is equivalent of solving
Eq. (10) subject to condition (12). Herewe are presenting an exact solution to (10) subject to condition (12). One can observe
that Eq. (10) is a cubic equation which has one or three real solutions. Since the fluid parameter β is positive in our problem
therefore Eq. (10) has a unique real solution [31] and can be computed using Mathematica and is given by
f ′ (η) = g (η) , (13)
where for β > 0
g (η) =
25/331/3βη2 +
[
− (18β2Kη2 (η2 − l2))+√3 {32β3η6 + 108β4K 2η4 (η2 − l2)2}]2/3
24/332/3βη
[
− (18β2Kη2 (η2 − l2))+√3 {32β3η6 + 108β4K 2η4 (η2 − l2)2}]1/3 . (14)
and Eq. (13) gives
f (η) =
∫ η
1
g (̂η) d̂η + C1, 1 ≤ η ≤ l, (15)
in which the constant of integration C1 is obtained through Eq. (12) and is given by
C1 = MK2 (l
2 − 1) (16)
and thus
f (η) =
∫ η
1
g (̂η) d̂η + MK
2
(l2 − 1), 1 ≤ η ≤ l. (17)
The integral in Eq. (17) can be computed numerically to obtain the exact solution of the problem given by Eq. (5). In the next
section, we give the solution of a system consisting of Eqs. (5), (7) and (12) by employing the homotopy analysis method
(HAM).
3. HAM solution
For HAM solutions, the initial guess and auxiliary linear operator are respectively chosen as
f0 (η) = MK2 (l
2 − 1)+ K
4
[
1− η2 + 2l2 ln η] , (18)
L (f ) = ηf ′′ + f ′ (19)
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Fig. 2. (a) h¯–β-curves (b) β–h¯-curves for 20th order of approximation when l = 1.5.
Fig. 3. (a) h¯–β-curves (b) β–h¯-curves for 20th order of approximation when l = 2.
Table 2
Values of−f ′′(1)when l = 1.5, K = 1
Order of approximation β = 0.10 β = 0.25 β = 0.50 β = 1.00
h¯ = −0.8 h¯ = −0.5 h¯ = −0.4 h¯ = −0.2
1 1.35840 1.14893 1.05371 1.05371
5 1.35823 1.12572 0.93725 0.78544
10 1.34820 1.12499 0.92926 0.74979
15 1.34820 1.12498 0.92864 0.74248
20 1.34820 1.12498 0.92858 0.74048
25 1.34820 1.12498 0.92857 0.73986
30 1.34820 1.12498 0.92857 0.73965
35 1.34820 1.12498 0.92857 0.73958
40 1.34820 1.12498 0.92857 0.73956
45 1.34820 1.12498 0.92857 0.73955
50 1.34820 1.12498 0.92857 0.73954
Exact solution 1.34820 1.12498 0.92857 0.73954
with
L [C2 ln η + C3] = 0, (20)
where C2 and C3 are constants.
Zeroth-order deformation problem
(1− p)L [̂f (η, p)− f0 (η)] = ph¯N [̂f (η, p)] , (21)
f̂ (1, p) = MK
2
(l2 − 1), f̂ ′ (l, p) = 0, (22)
N
[̂
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( ∂̂ f (η, p)
∂η
)3
+ 3η
(
∂̂ f (η, p)
∂η
)2
∂ 2̂f (η, p)
∂η2
 .
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Table 3
Values of−f ′′(1)when d = 2, K = 1
Order of approximation β = 0.10 β = 0.25 β = 0.50 β = 1.00
h¯ = −0.3 h¯ = −0.15 h¯ = −0.05 h¯ = −0.02
1 1.48750 1.23438 0.81250 0.81250
10 1.36801 1.01340 0.80623 0.67693
20 1.36703 1.00124 0.78023 0.62306
30 1.36702 1.00015 0.77624 0.60803
40 1.36702 1.00003 0.77545 0.60244
50 1.36702 1.00000 0.77524 0.60008
60 1.36702 1.00000 0.77517 0.59902
70 1.36702 1.00000 0.77517 0.59800
Exact solution 1.36702 1.00000 0.77517 0.59800
Fig. 4. Influence of fluid parameter β on the velocity when l = 1.5: lines for exact solutions and dots for HAM solutions.
Here p ∈ [0, 1] is an embedding parameter and h¯ is an auxiliary nonzero parameter. Obviously
f̂ (η, 0) = f0 (η) , f̂ (η, 1) = f (η) , (23)
where p = 0 and p = 1, respectively. When p increases from 0 to 1, f̂ (η, p) varies from the initial guess f0 (η) to f (η). By
Taylor series and Eq. (23) we have
f̂ (η, p) = f0 (η)+
∞∑
m=1
fm (η) pm, (24)
where
fm (η) = 1m!
∂ m̂f (η, p)
∂pm
∣∣∣∣∣
p=0
(25)
and the convergence of the series (24) depends upon h¯. Assume that h¯ is selected such that the series (24) is convergent at
p = 1, then due to Eq. (23) we have
f (η) = f0 (η)+
∞∑
m=1
fm (η) . (26)
m th-order deformation problem
Differentiating the zeroth order deformation Eq. (21)m-times with respect to p and then dividing them bym! and finally
setting p = 0 we obtain the followingmth-order deformation problem
L [fm (η)− χmfm−1 (η)] = h¯Rm (η) , (27)
fm (1) = f ′m (l) = 0, (28)
in which
Rm (η) = ηf ′′m−1 (η)+ f ′m−1 (η)+ Kη (1− χm)+ 2β
m−1∑
k=0
f ′m−1−k (η)
k∑
l=0
f ′k−l (η)
{
f ′l (η)+ 3ηf ′′l (η)
}
(29)
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Fig. 5. Influence of slip parameterM on the velocity when l = 1.5: lines for exact solutions and dots for HAM solutions.
Fig. 6. Influence of fluid parameter β on the velocity when l = 2: lines for exact solutions and dots for HAM solutions.
and
χm =
{
0, m ≤ 1,
1, m > 1. (30)
We now use the symbolic calculation software MATHEMATICA and solve the set of linear differential equations (27) with
conditions (28). The solution at the first order is given by
f1 (η) = MK2 (l
2 − 1)+ βh¯K
3
16
(
1− 6l2 + 2l6)− βh¯K 3l6
8η2
+ 3βh¯K
3l2η2
8
− βh¯K
3
16
η4 + 1
4
K(1− η2)
+ K
2
l2 ln η − 3
4
βh¯K 3l4 ln η. (31)
4. Analysis of the results
The explicit, analytic expression given by Eq. (26) contains the auxiliary parameter h¯, which gives the convergence region
and rate of approximation for the HAM solution. To seek the idea that how the value of h¯ behaves when we vary the fluid
parameter β or the film thickness l, h¯–β-curves and β–h¯-curves for three different values of film thickness l are shown in
Figs. 1–3. Figs. 1–3 contain the h¯–β-curves and β–h¯-curves for 20th order of approximation. In each case Fig. (a) correspond
to an h¯–β-curve and Fig. (b) to a β–h¯-curve. It is obvious from Figs. 1–3(a) that with an increase in β and the film thickness l
the interval of convergence shrinks towards zero. Figs. 1–3(b) depict that for large values of parameter h¯ one can take large
values of β that is when there is a stronger nonlinearity then one has to take small values of h¯. The values of −f ′′(1) for
l = 1.1, l = 1.5 and l = 2 are presented respectively in Tables 1–3. It is observed that for large values of β and l one needs a
higher order of approximation in order to get the values for comparison with the exact solutions. Hence it is concluded that
for strong nonlinearity the number of iterations must be large and the results are still convergent ones. The effects of fluid
parameter β and the slip parameterM on the velocity for the 20th order of approximations are plotted in Figs. 4–7.
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Fig. 7. Influence of slip parameterM on the velocity when l = 2: lines for exact solutions and dots for HAM solutions.
Fig. 4 shows that the velocity decreases with an increase in the fluid parameter β . On the other hand for the same
velocities, an increase of β effects an increase of the boundary layer thickness. The effects of the slip parameter M on the
velocity is displayed in Fig. 5. It is evident from Fig. 5 that an increase in the slip parameter decreases the velocity. Figs. 6 and
7 depict that the effects of the fluid parameter and slip parameter when the film thickness is increased. These Figs. elucidate
that the effects of β andM are same as in Figs. 4 and 5. However, a comparison of Figs. 4 and 6 depicts that the fluid velocity
is increased by an increase in the film thickness. A similar observation is made by comparing Figs. 5 and 7.
5. Final remarks
This communication deals with thin film flow of a fourth grade fluid down a vertical cylinder in the presence of slip on
the boundary. Both exact and HAM solutions have been obtained for the problem. The results are sketched and discussed for
the fluid and slip parameters variations. It is found that HAM results agree well with the exact solution. It is concluded that
HAM provides a simple and easy way to control and adjust the convergence region for strong nonlinearity and is applicable
to highly nonlinear problems.
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